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Abstract
We study the finite part of the sphere partition function of d-dimensional Conformal
Field Theories (CFTs) as a function of exactly marginal couplings. In odd dimensions, this
quantity is physical and independent of the exactly marginal couplings. In even dimensions,
this object is generally regularization scheme dependent and thus unphysical. However, in
the presence of additional symmetries, the partition function of even-dimensional CFTs can
become physical. For two-dimensional N = (2, 2) supersymmetric CFTs, the continuum
partition function exists and computes the Ka¨hler potential on the chiral and twisted
chiral superconformal manifolds. We provide a new elementary proof of this result using
Ward identities on the sphere. The Ka¨hler transformation ambiguity is identified with a
local term in the corresponding N = (2, 2) supergravity theory. We derive an analogous,
new, result in the case of four-dimensional N = 2 supersymmetric CFTs: the S4 partition
function computes the Ka¨hler potential on the superconformal manifold. Finally, we show
that N = 1 supersymmetry in four dimensions and N = (1, 1) supersymmetry in two
dimensions are not sufficient to make the corresponding sphere partition functions well-
defined functions of the exactly marginal parameters.
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1. Conformal Manifolds and Sphere Partition Functions
Suppose that in a d-dimensional CFT, denoted by p, there are exactly marginal op-
erators {Oi}. This means that dim(Oi) = d. In addition, if we deform the theory p
by1
1
πd/2
∫
ddxλiOi(x) , (1.1)
then, at least for sufficiently small λi, we get a conformal field theory. Thus, in some
neighborhood of the reference conformal field theory p, there is a family of CFTs. We will
refer to this family of CFTs as the “conformal manifold,” and denote it by S. This space
admits a natural Riemannian metric, the Zamolodchikov metric gij(p), given by [1]
〈Oi(x)Oj(0)〉p∈S = gij(p)
x2d
, (1.2)
where 0 6= x ∈ IRd. The couplings λi in (1.1) are coordinates on the conformal manifold
S and the operators Oi represent vector fields in S. Thus, under a change of variables
λ′i = f i(λj) the metric gij transforms as a symmetric tensor.
Consider an observable O. Suppose we are interested in computing this observable as
a function of λi. Starting from some reference CFT at λi = 0, we can thus define
〈O〉λ =
〈
O exp
[
1
πd/2
∫
ddxλiOi(x)
]〉
. (1.3)
1 We choose a normalization that will make later formulae simpler.
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In practice, one can expand in the λi around the reference CFT, and define (1.3) in some
small neighborhood of λi = 0 via this expansion. More explicitly,
〈O〉λ =
∑
k
1
k!
〈
O
(
1
πd/2
∫
ddxλiOi(x)
)k〉
. (1.4)
It is very important that (1.4) is ambiguous. Indeed, even if we solve the reference
theory at λ = 0 completely, i.e. we know all the correlation functions at separated points,
we still need the integrated correlation functions in order to compute (1.4). Integrated
correlation functions generically have ultraviolet divergences. They need to be regularized
by introducing a cutoff and appropriate counterterms need to be added to the effective
action so that the correlation functions are finite in the continuum limit. Therefore, com-
putations of various observables via (1.4) may depend on the regularization scheme, and
consequently be subject to ambiguities.
Let us now analyze these ambiguities in some detail. The formalism where the cou-
plings are taken to be dimensionless functions of space rather than constants λi → λi(x)
allows to easily classify all such ambiguities. Different regularization schemes simply differ
by local terms of dimension equal or smaller than d in the effective action. In order to
preserve Ward identities, one may need to fine-tune some of the counterterms.
Let us briefly describe a few representative examples. The finite counterterm∫
ddx δΓkij(x)λ
i(x)λj(x)Ok(x) (1.5)
generates a contact term in the operator product expansion Oi(x)Oj(0) ∼ δΓkijδd(x)Ok(0),
and affects various integrated correlation functions. The object δΓkij shifts the connection
on the conformal manifold S [2]. In even dimensions, the local counterterm
Λ
d/2
UV
∫
ddxCijλ
i(x)λj(x)L(x) , (1.6)
where L is a primary operator of dim(L) = d/2, captures the ultraviolet divergence that
appears in computing the correlator 〈L(0)Oi(y)〉λ in conformal perturbation theory. This
term must be carefully tuned to guarantee that 〈L(0)Oi(y)〉λ = 0 (for y 6= 0), which follows
from conformal Ward identities. Indeed, to leading order in the expansion (1.4) we get∫
ddx〈L(0)Oi(y)Oj(x)〉. This correlator is infrared finite but has an ultraviolet divergence
from the region x→ y, where it behaves as (x−y)−3d/2. This divergence can be regularized
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by cutting a little sphere of radius 1/ΛUV around x = y and canceled by tuning the local
term (1.6). Finally, another example of a counterterm is
ΛdUV
∫
ddxCijλ
i(x)λj(x) , (1.7)
with Cij any symmetric tensor. This counterterm accounts for a power divergent piece
that appears in evaluating 〈1〉λ to second order in conformal perturbation theory.
Our primary interest in this paper lies in CFTs on curved spaces. A conformal field
theory can be placed canonically on any conformally-flat manifold, in particular, on Sd (in
this case we can use the stereographic map). Since there are no infrared divergences, we
can study the partition function ZSd . We can repeat this procedure at any point on the
conformal manifold. This provides an interesting probe of the conformal manifold, ZSd(p).
While infrared divergences are absent, ultraviolet divergences remain. As in our dis-
cussion above, they are classified by diffeomorphism invariant local terms of dimension ≤ d
constructed from the background fields λi and the space-time metric gmn. One finds the
following general answer for the partition function as a function of the point λi on the
conformal manifold:
d = 2n : logZS2n = A1(λ
i)(rΛUV )
2n +A2(λ
i)(rΛUV )
2n−2 + ...+An(λ
i)(rΛUV )
2
+ A(λi) log(rΛUV ) + F2n(λ
i) .
(1.8)
d = 2n+ 1 : logZS2n+1 = B1(λ
i)(rΛUV )
2n+1 +B2(λ
i)(rΛUV )
2n−1
+ . . .+Bn+1(λ
i)(rΛUV ) + F2n+1(λ
i) ,
(1.9)
where r is the radius of Sd. The power-law divergent terms correspond to counterterms of
the type
Λ2n−2k+2UV
∫
d2nx
√
gAk(λ
i)Rk−1 (1.10)
in even dimensions and
Λ2n−2k+3UV
∫
d2n+1x
√
gBk(λ
i)Rk−1 (1.11)
in odd dimensions. Therefore, all the power-law divergent terms in (1.8) and (1.9) can be
tuned to zero in the continuum limit.
In even dimensions, the sphere partition function has a logarithmic dependence on
the radius (see (1.8)), which cannot be canceled by a local counterterm. It is associated to
the Weyl anomaly. The variation of the partition function under a Weyl transformation
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with parameter σ contains
∫
d2nx
√
g σA(λi)E2n, where E2n is the Euler density (the other
terms in the Weyl anomaly vanish on the sphere, see [3]). However, this violates the Wess-
Zumino consistency condition unless A(λi) = A, i.e. A(λi) is a constant. This is then
identified with the usual A-type anomaly [3], which is therefore independent of exactly
marginal deformations.2 This is necessary for its interpretation as a monotonic function
under renormalization group flows [1,4,5,6,7]. Finally, the function F2n(λ
i) in (1.8) is
ambiguous, as it can be removed by the local counterterm3∫
d2nx
√
gF2n(λ
i)E2n . (1.12)
In summary, we have shown that the only physical data in the continuum limit of
ZS2n is the A-anomaly, which is independent of the exactly marginal parameters.
For odd dimensions, absent additional restrictions on the counterterms, we have seen
above that all the Bi are ambiguous and can be tuned to zero (a logarithmic term is absent
because one cannot write an appropriate local anomaly polynomial in odd dimensions.)
Importantly, however, there is no counterterm for F2n+1(λ
i) in (1.9). More precisely, the
only conceivable dimensionless counterterm would be a gravitational Chern-Simons term∫
C(λ) Ω(2n+1) , (1.13)
but because of coordinate invariance it cannot depend on the λi, i.e. C(λ) = constant.
Moreover, it has to have an imaginary coefficient due to CPT symmetry. Hence, the real
part of F2n+1(λ
i) is an unambiguous physical observable and is calculable in any choice
of regularization scheme that preserves coordinate invariance.4 It measures the finite
entanglement entropy across a S2n−1 in IR2n,1 [11].5
2 We thank L. Di Pietro and A. Schwimmer for discussions.
3 Note that this counterterm does not affect the partition function on the cylinder Sd−1 × S1.
The latter has a natural normalization via radial quantization.
4 The imaginary part is more subtle. Only its fractional part is well defined. See, for example,
the discussions in [8,9,10]. We will not comment any further on the imaginary part of F2n+1.
5 The entanglement entropy provides another way to see that the finite part in even dimensions
is ambiguous while in odd dimensions it is physical. Indeed, it is straightforward to write finite
local counterterms on the entangling surface of even-dimensional spheres, while in odd dimensions
this is impossible. For example, in d = 3, the entangling surface is a circle, and the finite
counterterm
∫
S1
|κ|dl is forbidden because the absolute value renders it nonlocal, while without
the absolute value symbol it is not consistent with the vacuum being a pure state. We thank
S. Pufu for discussing this with us.
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We now show that F2n+1(λi) is constant on the conformal manifold S. Start at an
arbitrary point on the conformal manifold and expand to second order
logZ[λ] ≃ logZ(0) + λ
i
πd/2
∫
ddx
√
g 〈Oi〉+ λ
iλj
2πd
∫
ddx
√
g
∫
ddy
√
g 〈Oi(x)Oj(y)〉 .
(1.14)
Conformal Ward identities on the sphere imply that
〈Oi〉 = 0 . (1.15)
Since this is true at every point on the conformal manifold, we conclude that the contin-
uum conformal field theory sphere partition function is independent of exactly marginal
parameters. As we will see, this argument cannot be repeated in even dimensions because
there are finite counterterms. Indeed, we will see examples where the sphere partition
function does depend on exactly marginal parameters.
We can understand this simplicity of the sphere partition function in odd dimensions
from another point of view. The integrated two-point function of exactly marginal oper-
ators in the last term of (1.14) is ultraviolet divergent. The singularity arises from the
domain where x→ y. The two-point function on the sphere can be obtained from the cor-
responding two-point function in flat space by a stereographic map. Hence, the integrated
two-point function in (1.14) is proportional to
vol(Sd)
∫
Sd
ddy
√
g
(
1
d(0, y)
)2d
, (1.16)
where d(x, y) is the SO(d+ 1) invariant distance on the sphere Sd. This can be regulated
by replacing the power 2d in the integrand by 2d− 2ǫ. We can then evaluate the integral
in a region where it converges, analytically continuing to the region of interest at the end,
to yield
lim ǫ→0
vol(Sd)vol(Sd−1)
2d+1
Γ(d/2)Γ(−d/2 + ǫ)
Γ(ǫ)
−→ 0 for d = 2n+ 1 . (1.17)
Therefore the integral vanishes in odd dimensions, and since we have shown that there
are no finite counterterms in odd dimensions, the answer computed in any other choice of
regularization scheme would yield the same result. The fact that the second term in the
expansion (1.14) vanishes holds true around any point on the conformal manifold. This is
consistent with the independence of the partition function of exactly marginal couplings.
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Note that the same regularization scheme yields a nonzero answer in even dimensions.
This will be important below.
In summary, we have shown that the (real part of the) finite part of ZS2n+1 in the
continuum limit is physical and unambiguous, and is independent of the exactly marginal
parameters of the conformal field theory. This is a necessary requirement for the finite
part of ZS2n+1 to serve as a candidate monotonic function under renormalization group
flows (see [11,12,13]).
2. Sphere Partition Functions of Superconformal Field Theories
Our analysis of the ambiguities of the sphere partition function of a CFT followed
from assuming that the partition function can be regulated in a diffeomorphism invariant
way. We then classified all the diffeomorphism invariant counterterms and determined
their influence on the sphere partition function. Starting in this section, we pursue an
analogous analysis for superconformal field theories (SCFTs). Imposing that the sphere
partition function of SCFT’s can be regulated in a supersymmetric way, we show that
the partition function of SCFTs with various amounts of supersymmetry and in various
dimensions have (not unexpectedly) a more restricted set of ambiguities. This makes the
sphere partition function of such SCFTs interesting, rich observables: the sphere partition
functions of some of these theories are known to compute the Ka¨hler potential on the
conformal manifold [14,15].
We now outline the logic of our arguments. Consider a d-dimensional SCFT and place
it on the sphere by stereographic projection. Such a SCFT is by definition invariant under
the corresponding superconformal algebra. As we explained in section 1, however, the
partition function of a CFT suffers from ultraviolet divergences that arise when exploring
the dependence of the partition function on the conformal manifold S. We now assume
that we can regulate the SCFT partition function while preserving the subalgebra of the
superconformal algebra that closes into the super-isometries of the d-dimensional super-
symmetric sphere, which projects out all conformal generators of Sd. This is the general
supersymmetry algebra of a massive supersymmetric theory on the d-dimensional sphere.
In the supersymmetric context, the local counterterms that parametrize the ambi-
guities of the partition function are now supergravity counterterms. In supersymmetric
theories, the coordinates that parametrize the conformal manifold are the bottom com-
ponent of an apropriate supersymmetry multiplet. Therefore we must consider the most
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general dimension ≤ d locally supersymmetric couplings of these multiplets to the corre-
sponding supergravity theory. The supergravity theory that must be considered is found
by embedding the rigid supersymmetric d-dimensional sphere as a supersymmetric back-
ground of d-dimensional off-shell supergravity, in the framework put forward by [16]. By
constructing marginal supergravity counterterms in a given supergravity theory, we can
determine the ambiguities and the leftover physical content of the partition function of
SCFTs on Sd.
Let us briefly summarize our main results explained in the rest of the paper. In
section 3 we discuss two-dimensional N = (2, 2) SCFTs. It is known that the conformal
manifold of such theories is a Ka¨hler manifold, and locally takes a direct product form
Sc × Stc, where Sc, and Stc are the chiral and twisted chiral manifolds, respectively.
These theories can be placed on supersymmetric S2 in two different ways while preserving
four supercharges [17,18,15,19]. For each choice there is a corresponding two-dimensional
N = (2, 2) supergravity theory, which we denote by A and B. Our notation parallels that
of [17,19], where the corresponding supersymmetry algebras were labeled by SU(2|1)A and
SU(2|1)B. Imposing that the SCFT partition function preserves SU(2|1)B, we find that
there is a finite B-type supergravity counterterm [20]∫
d2Θ ε−1RF(Φi) + c.c. , (2.1)
where Φi are chiral superfields, whose bottom components are the coordinates λi in Sc,
R is the supergravity curvature superfield and ε−1 is the supergravity chiral superspace
measure. A similar A-type supergravity counterterm can be constructed for a SCFT
preserving SU(2|1)A by replacing chiral superfields by twisted chiral superfieds Ω, whose
bottom components λi now span Stc. When these counterterms are evaluated on the
supersymmetric S2 background they give rise to the following Ka¨hler ambiguities in the
partition function
ZAS2 ≃ ZAS2 e−F(λ
i)−F(λ
i
) , ZBS2 ≃ ZBS2 e−F(λ
i)−F(λ
i
) . (2.2)
If we describe the same N = (2, 2) SCFT in two different ways, with different choices
of counterterms, then the partition functions may differ by (2.2). This means that the
two-sphere partition functions ZA and ZB are generally not functions, but rather sections:
the transitions between different patches may involve holomorphic functions. Our explicit
construction of these counterterms gives a microscopic realization of the Ka¨hler ambiguities
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implied by the proof [15] that the exact two-sphere partition function [18,17,19] computes
the Ka¨hler potential K on the conformal manifold Sc × Stc [14,15]
ZAS2 = e
−Ktc ZBS2 = e
−Kc . (2.3)
For some followup work see e.g. [21,22].
One well-known way in which the partition function can turn into a section is if
there are ’t Hooft anomalies. Then, the partition function transforms nontrivially under
gauge transformations. Ordinary derivatives of the partition function then yield gauge
non-invariant quantities (which can be fixed by the Bardeen-Zumino procedure [23], or
equivalently, anomaly inflow [24]). Here we encounter a reminiscent situation. The parti-
tion function becomes a nontrivial section. As a result, various derivatives of the partition
function need to be supplemented with an appropriate connection that for holomorphic
derivatives transforms as A → A + ∂F(λ) under Ka¨hler transformations. It would be
nice to understand if the analogy with ordinary anomalies is deeper than these superficial
similarities.
In section 3 we also give a new elementary proof of (2.3) that follows from super-
symmetry Ward identities and therefore does not require the existence of a Lagrangian
description or localization of the partition function. We also show that the two-sphere
partition function of N = (1, 1) SCFTs is not a universal, unambiguous observable (other
than capturing the A-type anomaly). We construct a local N = (1, 1) supergravity coun-
terterm that changes the finite part of the partition function arbitrarily, similar to what
we found for even-dimensional nonsupersymmetric CFTs.
In section 4 we discuss N = 1 SCFTs on S4. The exactly marginal parameters again
give rise to a Ka¨hler manifold [25]. We argue that in this case the partition function on the
four-sphere does not have a preferred, unambiguous nontrivial continuum limit. We show
this by constructing a finite N = 1 superymmetric supergravity counterterm that includes
an arbitrary real function F of the moduli λi, which now are the bottom components of
chiral multiplets Φi ∫
d2Θ ε(D2 − 8R)RRF (Φi,Φi) . (2.4)
Evaluated on S4, this shifts the finite part of the partition function by an arbitrary function
of the moduli.
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In section 5 we discuss N = 2 SCFTs on S4. In this case we argue in two different
ways (one of them being supersymmetric localization and the other by using an explicit
supersymmetric regularization of the second term in (1.14)) that
ZS4 = e
K/12 , (2.5)
where K is the Ka¨hler potential on the space of exactly marginal deformations S. That
is, the four-sphere partition function becomes physical if the counterterms are restricted
to be N = 2 locally supersymmetric, and is only subjected to Ka¨hler ambiguities. The
partition function is again a section rather than a function, where the transition functions
are holomorphic plus anti-holomorphic in the moduli. Note the sign difference of the
exponent (2.5) with respect to (2.3).
One can therefore, in principle, use the localization computation on S4 [26] to compute
the exact Zamolodchikov metric on N = 2 conformal manifolds, extending what has been
done for two-dimensional N = (2, 2) SCFTs. It would be interesting to see if one can
also derive (2.5) by generalizing the argument of [15] (i.e. geometrically deforming the
sphere and using the tt∗ equations [27]) to four dimensions (the generalization of the
tt∗ equations should be along the lines of [28]). One may also try to extend to four
dimensions our supersymmetry Ward identity proof in section 3. It would also be very nice
to explicitly construct the four-dimensional N = 2 supergravity analog of the holomorphic
counterterm (2.1), perhaps using the tools of [29,30]. Finally, it would be interesting to
understand whether the conformal manifold of four-dimensional N = 2 SCFTs has extra
geometric structure beyond Ka¨hler (additional geometric structure is known to exist in
N = (2, 2) two-dimensional SCFTs with c = 9, see e.g. [31,32,33]) and also [34] for c = 12.
In this paper we have confined ourselves to discussing conformal field theories and
their sphere partition functions. However, some of our results can be relevant for the in-
terpretation of partition functions of gapped theories as well. For example, if we study a
massive theory with a gap at the scale M on a manifold with typical scale R much larger
than the the scale associated to the gap R ≫ 1/M , then the partition function can be
organized as a series expansion in (RM)−1 with the various terms in the expansion cor-
responding to local terms in the action for the background fields. Therefore, supergravity
counterterms of the type discussed in this paper can be useful to understand the leading
terms in the expansion of partition functions of massive supersymmetric theories.
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3. N = (2, 2) Theories and Supersymmetric Two-Spheres
Superconformal N = (2, 2) theories in flat two-dimensional space posses a U(1)V ×
U(1)A R-symmetry group. Exactly marginal operators are superconformal descendants
of operators in the chiral and twisted chiral rings which carry charge (2, 0) and (0, 2)
under U(1)V × U(1)A. We can view the coupling constants for these operators as charge
(0, 0) background chiral superfields and charge (0, 0) background twisted chiral superfields,
respectively. The conformal manifold of N = (2, 2) superconformal field theories is Ka¨hler
and the Zamolodchikov metric takes a factorized form Sc × Stc: locally it is the sum of
the metric in the chiral and twisted chiral directions.6
Such conformal field theories can be placed on S2 by a stereographic transformation.
The spinors that generate the N = (2, 2) superconformal transformations are conformal
Killing spinors ǫ and ǫ˜, which satisfy
∇mǫ = γmη , ∇mǫ˜ = γmη˜ . (3.2)
Here, γm are the curved space Dirac matrices, and we define the projection operators
P± =
1
2
(1± γ3) onto the Weyl spinors, e.g. P±ζ = ζ±. The charges of the spinors under
the R-symmetry group are as follows
U(1)V U(1)A
ǫ+, η− 1 1
ǫ−, η+ 1 −1
ǫ˜−, η˜+ −1 1
ǫ˜+, η˜− −1 −1
(3.3)
6 One can derive this as follows. Regardless of supersymmetry, in any two-dimensional CFT,
promoting the exactly marginal parameters λi to background fields, one has an admissible con-
formal anomaly [35]
δσW [gmn, λ
i] =
∫
d
2
x
√
g σ
(
g
mn
Ckl(λ)∂mλ
k
∂nλ
l
)
, (3.1)
where we omitted the usual A-type anomaly, as we have already discussed it in the introduction.
Ckl is some symmetric tensor that depends on the exactly marginal parameters. Ckl is proportional
to the Zamolodchikov metric on the space of CFTs. This is because the momentum space two-
point function of exactly marginal operators looks like p2 log(p2), which clearly contains a rescaling
anomaly. Such a “nonlinear sigma model” (3.1) is supersymmetrized as usual, by replacing the
two-derivative term with a Ka¨hler function for the background superfields. Hence, the total space
of exactly marginal couplings is Ka¨hler. Since the top component of the product of a chiral field
with twisted chiral fields is a total derivative, this leads to a factorized Zamolodchikov metric.
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The equations (3.2) have an eight-complex-dimensional space of solutions on S2. These
furnish four doublets of the SU(2) isometry group of the two-sphere.
The superconformal algebra on S2 can be linearly realized on supermultiplets. For our
purposes of analyzing the conformal manifold of N = (2, 2) superconformal field theories,
it will suffice to consider a chiral multiplet of charge (−rV , 0) and a twisted chiral multiplet
of charge (0,−rA). The superconformal transformations of a chiral multiplet are [17]
δΦ = ǫ˜ψ ,
δψ = i∂mΦγ
mǫ+ ǫ˜F − irV ηΦ ,
δF = −i∇mψγmǫ+ irV ψη .
(3.4)
A superconformal invariant can be constructed from the top component of a chiral multiplet
of Weyl weight 1 (rV = −2)
I =
∫
d2x
√
g F , (3.5)
since in this case δF = −i∇m (ψγmζ), and the variation integrates to zero.
The twisted chiral multiplet transformations are given by [15]
δY = (ǫ˜P− − ǫP+) ζ ,
δζ+ = −P+ (i∂mY γm −G) ǫ˜+ irAY η˜+ ,
δζ− = P−(i∂mY γ
m −G)ǫ− irAY η− ,
δG = iǫP− /∇ζ − iǫ˜P+ /∇ζ + irAζP−η − irAζP+η˜ .
(3.6)
For a twisted chiral multiplet of Weyl weight one (rA = −2) the integral of the top
component
I =
∫
d2x
√
g G (3.7)
is a superconformal invariant, since δG = i∇m (ǫP−γmζ)− i∇m (ǫ˜P+γmζ).
The superconformal invariants (3.5)(3.7) represent the exactly marginal operators
that are descendants of operators in the chiral and twisted chiral rings. The anti-chiral
and anti-twisted-chiral transformations and invariants are constructed similarly.
The superconformal superalgebra just described admits interesting “massive subalge-
bras” with four supercharges. By this we mean that massive N = (2, 2) quantum field
theories can be placed on S2 while respecting these subalgebras [17,18,15,19].
A regularization scheme can be thought of as a deformation of the theory by some mas-
sive sector. Hence, in order to understand the possible ways of regularizing the partition
11
function ZS2 while preserving some supersymmetry, we need to study these massive subal-
gebras in detail. We will mainly focus on the subalgebras that preserve four supercharges,
but will also pay some attention to one subalgebra that preserves two supercharges.
There are two inequivalent massive N = (2, 2) supersymmetry algebras on the two-
sphere. They are generated by supercharges in the superconformal algebra that close
into the SU(2) isometry of the two-sphere and a U(1) subgroup of the U(1)V × U(1)A
superconformal R-symmetry. The algebras that preserve U(1)V and U(1)A have been
denoted by SU(2|1)A and SU(2|1)B in [17,19]. They are mapped to each other by the
mirror outer automorphism [36] of the N = (2, 2) superconformal algebra.
One can also study massive subalgebras preserving only two supercharges. We do not
carry out an exhaustive analysis of this case, but only discuss one example: the massive
N = (1, 1) subalgebra OSp(1|2), consisting of an SU(2) doublet of supercharges closing
into the SU(2) isometries of S2, thus breaking the R-symmetry group completely.
• SU(2|1)A. This supersymmetry algebra is obtained by restricting the conformal
Killing spinors on the two-sphere (3.2) to obey
∇mǫ = i
2r
γmǫ ∇mǫ˜ = i
2r
γmǫ˜ , (3.8)
so that
η =
i
2r
ǫ , η˜ =
i
2r
ǫ˜ . (3.9)
In stereographic coordinates, where ds2 = 1(
1+ x
2
4r2
)2 dxmdxnδnm, the complex four-
dimensional space of solutions is given by
ǫ =
1√
1 + x
2
4r2
(
1 +
i
2r
xmΓm
)
ǫ0 ,
ǫ˜ =
1√
1 + x
2
4r2
(
1 +
i
2r
xmΓm
)
ǫ˜0 ,
(3.10)
where Γm denotes the flat space gamma matrices (the usual Pauli matrices), i.e. Γm =(
1 + x
2
4r2
)
γm. The SU(2|1)A supersymmetry transformations are the restriction of (3.4)
and (3.6) to these conformal Killing spinors.
• SU(2|1)B. This supersymmetry algebra is obtained by restricting the conformal
Killing spinors on the two-sphere (3.2) to obey
∇mǫ = i
2r
γmǫ˜ , ∇mǫ˜ = i
2r
γmǫ , (3.11)
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so that ε = ǫ+ + ǫ˜− and ε = ǫ˜+ + ǫ− satisfy
∇mε = i
2r
γmε , ∇mε = i
2r
γmε , (3.12)
and
η =
i
2r
ǫ˜ , η˜ =
i
2r
ǫ . (3.13)
The SU(2|1)B supersymmetry transformations are the restriction of (3.4) and (3.6) to
these conformal Killing spinors.
• OSp(1|2): Massive N = (1, 1). The superconformal N = (1, 1) superalgebra is
embedded in the superconformal N = (2, 2) superalgebra by the restriction ǫ = ǫ˜ (and
thus η = η˜). This superconformal algebra has four supercharges. It further has a massive
OSp(1|2) subalgebra that is obtained by setting η = i
2r
ǫ. This has two supercharges. The
chiral and twisted chiral multiplets become reducible, each breaking up into two N = (1, 1)
real scalar multiplets.
3.1. The S2 Partition Function
Let us now consider the S2 partition function of N = (2, 2) superconformal theories.
Since the formal expansion (1.4) contains divergences, we need to decide which symmetries
our regulator preserves. Below we will analyze the consequences of the assumption that the
symmetry preserved by the regulator is one of the massive subalgebras of the N = (2, 2)
superconformal algebra discussed above.
Let us begin by assuming that the physics at coincident points is SU(2|1)A invariant.
That means that we are allowed to use SU(2|1)A Ward identities, even at coincident
points. With this assumption, the first observation we make is that the chiral multiplet
invariant (3.5) is SU(2|1)A-exact. By taking ǫ = 0 in (3.4) we have that
F =
1
‖ǫ˜ ‖2 δ
(
ǫ˜†ψ
)
, (3.14)
where ‖ǫ˜ ‖2 ≡ ǫ˜†ǫ˜, and ǫ˜ is a nowhere vanishing Dirac conformal Killing spinor. There-
fore, the S2 partition function is independent of the chiral couplings constants. This
already shows that the two-sphere partition function is not completely ambiguous. The
independence of the chiral couplings implies that there is no local SU(2|1)A supergravity
counterterm that could reduce on S2 to a function of the bottom components of the chiral
couplings.
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The twisted chiral multiplet invariant (3.7) is more interesting. It is not exact with
respect to the SU(2|1)A subalgebra of the superconformal algebra. Indeed, in SU(2|1)A it
is inconsistent to set ǫ˜− = 0 while keeping ǫ˜+ 6= 0, as the two chiralities are linked by the
SU(2|1)A Killing spinor equation (3.8). The SU(2|1)A-invariant partition function may
thus depend on the twisted chiral moduli.
Even though the top component of the twisted chiral multiplet G is not exact, its
integral is almost so. From (3.6) we see that
δζ+ = −i /∇ (Y ǫ˜−) +G ǫ˜+ . (3.15)
If ǫ˜+ had been nowhere vanishing, then the integrated top component would have been
exact. But ǫ˜+ does vanish. Without loss of generality, we can take the zero to be at x = 0
(the North Pole). This corresponds to choosing ǫ˜0+ = 0 in (3.10) so that
ǫ˜+ =
i/2r√
1 + x
2
4r2
xmΓmǫ˜0− ,
ǫ˜− =
1√
1 + x
2
4r2
ǫ˜0− .
(3.16)
We note that the insertion of the bottom component of a twisted chiral multiplet Y is
invariant under this supersymmetry transformation if the operator is inserted at the North
Pole of the two-sphere (and if ǫ− also vanishes at the North Pole).
We can focus on the physics near the point where the spinor vanishes as follows.
Introducing complex coordinates z = x1 + ix2 and z = x1 − ix2 (and using that ∇z ǫ˜+ = 0
and ∇z
(
ǫ˜ †
+
||˜ǫ+||2
)
= 0), after some simple algebra we arrive at
G = δ
(
ǫ˜†+ζ+
||ǫ˜+||2
)
+ 2i∇z
(
1 + zz4r2
||ǫ˜+||2 ǫ˜
†
+Γ1ǫ˜−Y
)
. (3.17)
This expression is only valid away from the North Pole.
We rewrite the supersymmetric invariant as∫
d2x
√
g G =
∫
DS
d2x
√
g G+
∫
DN
d2x
√
g G , (3.18)
where DN = {x|x2 ≤ R2} and DS = {x|x2 ≥ R2}. Using the expression (3.17), which is
regular in DS , we get∫
DS
d2x
√
g G =
∫
DS
d2x
√
gδ
(
ǫ˜ †+ζ+
||ǫ˜+||2
)
+ 2i
∫
DS
d2x
√
g∇z
(
1 + zz4r2
||ǫ˜+||2 ǫ˜
†
+Γ1ǫ˜−Y
)
(3.19)
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Inside a correlation function with other δ-closed operator insertions, the first term van-
ishes and the entire contribution from DS comes from the second, total derivative term.
Ultimately we will take the limit that R → 0, so that the contribution from DN is van-
ishingly small. We thus need to evaluate the total derivative term in (3.19). Using polar
coordinates, Stokes’ theorem, and the identities
||ǫ˜+||2 = 1
4r2
zz
1 + zz4r2
||ǫ˜0−||2 ǫ˜†+Γ1ǫ˜− = −
i
2r
z
1 + zz4r2
||ǫ˜0−||2 , (3.20)
yields ∫
d2x
√
g G = −2r limR→0
∫ 2π
0
dθ
Y (R, θ)
1 + R
2
4r2
= −4πrY (0) = −4πrY (N) . (3.21)
An analogous analysis for the top component of the anti-twisted chiral multiplet yields∫
d2x
√
g G = 4πrY (∞) = 4πrY (S) . (3.22)
Therefore, the integrated twisted chiral (anti-twisted chiral) multiplet top component in-
side a correlation function inserts the bottom component of the twisted chiral (anti-twisted
chiral) multiplet at the North (South) Pole of the two-sphere. We will now use these for-
mulae to prove that ZAS2 = exp(−Ktc).
Differentiating the partition function twice with respect to twisted chiral moduli we
get
∂i∂j logZ
A
S2 =
1
π2
〈∫
S2
d2x
√
g Gi(x)
∫
S2
d2y
√
g Gj(y)
〉
. (3.23)
Using (3.21)(3.22) we arrive at
∂i∂j logZ
A
S2 = −(4r)2
〈
Yi(N)Y j(S)
〉
= −(2r)4
〈
Gi(N)Gj(S)
〉
= −∂i∂jKtc . (3.24)
In completing the proof we have used a supersymmetry Ward identity relating the
two-point functions of the top and the bottom components of a chiral multiplet, i.e.〈
Gi(N)Gj(S)
〉
= 1
r2
〈
Yi(N)Y j(S)
〉
, and the fact that the metric on the conformal mani-
fold of N = (2, 2) superconformal field theories is Ka¨hler, i.e. gij = ∂i∂jK. Therefore, up
to a holomorphic ambiguity which will be discussed in detail in the next subsection,
ZAS2 = e
−Ktc . (3.25)
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If we assume that the physics at coincident points is SU(2|1)B invariant, the analysis
is similar to what we have done above, essentially only exchanging the role of chiral and
twisted chiral multiplets. The twisted chiral invariant (3.7) is SU(2|1)B-exact. The chiral
invariant (3.5) is not SU(2|1)B-exact, again, because one cannot construct it as a variation
of a fermion without encountering some zero of a Killing spinor. Repeating the steps above
we arrive at
∂i∂j lnZ
B
S2 = −(4r)2
〈
φi(N)φj(S)
〉
= −(2r)4
〈
Fi(N)F j(S)
〉
= −∂i∂jKc . (3.26)
Thus, up to a holomorphic ambiguity which we will discuss below,
ZBS2 = e
−Kc . (3.27)
Let us now discuss the consequences of preserving the massive N = (1, 1) superalge-
bra OSp(1|2) described in the previous subsection. The exactly marginal operators are
given by the top components of N = (1, 1) real scalar multiplets with Weyl weight 1. This
multiplet is just the real version of the N = (2, 2) chiral multiplet (3.4), and therefore
the N = (1, 1) superconformal invariant is (3.5), but with F now being real. Let us now
consider the sphere partition function regulated in an OSp(1|2) invariant way. One can
attempt to repeat the analysis performed for SU(2|1)A and SU(2|1)B. However, we find
that the integrated two-point function of the top component of a real scalar multiplet does
not reduce to the unintegrated two-point function of the bottom components, in contrast
to the N = (2, 2) analysis. While it is still true that the top component is not supersym-
metry exact (it is of the form in (3.15)), now the bottom component of the N = (1, 1)
multiplet is not δ-closed, since Dirac Killing spinors on S2 are nowhere vanishing. Note
that in our N = (2, 2) derivation of (3.24) we used in a crucial way that the insertion of
the bottom component of the N = (2, 2) multiplets at the poles is δ-closed under a super-
symmetry transformation. In the next subsection we will construct an explicit N = (1, 1)
supergravity counterterm involving an arbitrary function of the moduli, which also sit in
bottom components of N = (1, 1) real chiral multiplets. We conclude that the partition
function of N = (1, 1) SCFTs on S2 is scheme dependent and thus ambiguous. We will
reach a very similar conclusion for the sphere partition function of four-dimensional N = 1
SCFTs in section 4.
Before we turn to the holomorphic ambiguity afflicting the partition functions ZA,BS2 ,
let us make some comments. We discussed what happens if the theory is regulated in a
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manner that preserves SU(2|1)A,B. But what if we could find a regulator that preserves a
bigger symmetry group, i.e. the full superconformal group which has eight supercharges on
S2? Clearly, such a regulator cannot exist. The reason is simply that if it had existed, us-
ing two different subgroups of the superconformal symmetry group, we would have arrived
at two different results (3.25),(3.27). In fact, if all the eight supercharges are available to
us, then one can formally prove that the chiral invariant (3.5) and the twisted chiral invari-
ant (3.7) are both superconformal exact. Hence, one would be led to the conclusion that
the partition function is independent of the exactly marginal parameters. The fact that
one can get contradictory answers simply means that the full N = (2, 2) superconformal
group cannot be preserved. This is reminiscent of an anomaly.
3.2. Ka¨hler Ambiguity Counterterm and N = (1, 1) Supergravity Counterterm
The Ka¨hler potential admits the following well-known ambiguity
K(λ, λ)→ K(λ, λ) + F(λ) + F(λ) , (3.28)
which leaves the metric gij = ∂i∂jK invariant. The fact that the two-sphere partition func-
tion computes the Ka¨hler potential implies that there should be a finite, local N = (2, 2)
supergravity counterterm that when evaluated on the two-sphere captures the Ka¨hler am-
biguity (3.28). For example, if we describe the same conformal field theory in two dif-
ferent duality frames, the partition functions may differ by some holomorphic (plus anti-
holomorphic) function of the moduli. This means that the partition function is a section
on the conformal manifold.
We proceed to construct this local supergravity counterterm explicitly.
There are two minimal versions of N = (2, 2) supergravity. They differ by the nature
of the U(1) R-symmetry that is gauged (vector or axial), and are mapped into each other
under the Z2 mirror automorphism. The rigid limits of these two supergravities correspond
to preserving SU(2|1)A or SU(2|1)B on the two-sphere.
We begin with the SU(2|1)B theory. The ambiguity (3.28) depends on the couplings
to the exactly marginal operators from the chiral ring. They sit in background chiral
multiplets of vanishing U(1)A R-charge. The supergravity counterterm supersymmetrizes
the product of the Ricci scalar curvature R with the sum of an arbitrary holomorphic
function and an anti-holomorphic function of chiral multiplets∫
d2x
√
gR
(
F(λi) + F(λi)
)
. (3.29)
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The relevant local counter term is obtained from the SU(2|1)B supergravity action7 [20]∫
d2xd2Θ ε−1RF(Φi) + c.c , (3.30)
where F(Φi) is a general holomorphic function of the chiral multiplets, ε−1 is the chiral
density superspace measure and R is a chiral superfield whose bottom component is a
complex scalar auxiliary field that belongs to the SU(2|1)B supergravity multiplet. The
spacetime scalar curvature R sits in the top component of the superfield R. When (3.30)
is evaluated in the SU(2|1)B supersymmetric two-sphere background and the superfields
Φi are replaced by the constant exactly marginal parameters λi, we reproduce (3.29). This
establishes the Ka¨hler ambiguity for the SU(2|1)B theory.
Similarly, for the SU(2|1)A theory one has to consider∫
d2xdΘ+dΘ˜−ε̂−1FF(Ωi) + c.c , (3.31)
where F(Ωi) is an arbitrary holomorphic function of the twisted multiplets, and ε̂−1 is the
twisted chiral density superspace measure. F is a twisted chiral superfield that contains
as its lowest component a complex scalar auxiliary field that belongs to the SU(2|1)A-
supergravity multiplet and the scalar curvature R in its top component. The rigid limit
of this coupling evaluated on supersymmetric backgrounds was recently considered in [37].
This supergravity counterterm evaluated in the SU(2|1)A supersymmetric two-sphere back-
ground yields the marginal counterterm (3.29), where λi now stand for twisted chiral
exactly marginal couplings.
Hence, the finite piece of the two-sphere partition function has a holomorphic plus an
anti-holomorphic ambiguity. The pieces that cannot be shifted away by a holomorphic and
an anti-holomorphic function of the exactly marginal parameters are physical and calcula-
ble, as long as our regularization scheme respects SU(2|1)A or SU(2|1)B, as explained in
the previous subsection.
We now construct a two-dimensional N = (1, 1) supergravity counterterm that de-
pends on an arbitrary function of the moduli. This is an N = (1, 1) local supersymmetriza-
tion of ∫
d2x
√
gRF (λi) . (3.32)
7 We thank N. Seiberg for a discussion.
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We write down this counterterm by coupling N = (1, 1) supergravity to real scalar multi-
plets Φi. The moduli λi are the bottom components of Φi while the supergravity multiplet
contains the graviton, the gravitino and a real auxiliary field B. The superspace description
of this N = (1, 1) supergravity counterterm is∫
d2xd2ΘE−1RF (Φi) , (3.33)
where E−1 is the density measure superfield and R is a real superfield, which has a complex
scalar R| = B as its bottom component and contains the scalar curvature R in its top
component [38]. This supergravity counterterm evaluated in the OSp(1|2) supersymmetric
two-sphere background yields the marginal counterterm (3.32). Therefore, the sphere
partition function of N = (1, 1) SCFTs is not much different from the sphere partition
function of nonsupersymmetric CFTs, for which the S2 partition function does not have a
preferred nontrivial continuum limit. As we shall see in section 4, we will reach the same
conclusion when we study the sphere partition function of four-dimensional N = 1 SCFTs.
3.3. An Explicit Regularization
Let us for a moment forget about supersymmetry and examine a little more closely
the quadratic term in the expansion (1.4) for the partition function, i.e. O = 1. This is
proportional to the double integral〈∫
Sd
ddx
√
g Oi(x)
∫
Sd
ddy
√
g Oj(y)
〉
. (3.34)
The two-point function on Sd can be obtained from the one in flat space by a Weyl
transformation:
〈Oi(x)Oj(y)〉Sd =
gij
d(x, y)2∆
, (3.35)
where
d(x, y) =
|x− y|√
1 + x
2
4r2
√
1 + y
2
4r2
, (3.36)
and since the operators are exactly marginal ∆ = d. The integral (3.34) is ultraviolet
divergent. It can be regulated by setting ∆ = d − ǫ. For sufficiently large and positive ǫ
the integral converges and evaluates to〈∫
Sd
ddx
√
g Oi(x)
∫
Sd
ddy
√
g Oj(y)
〉
= gij
vol(Sd)vol(Sd−1)
2d+1
Γ(d/2)Γ(−d/2 + ǫ)
Γ(ǫ)
. (3.37)
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Setting d = 2, in the ǫ→ 0 limit we get that〈∫
S2
d2x
√
g Oi(x)
∫
S2
d2y
√
g Oj(y)
〉
= −π2gij . (3.38)
In the case without any supersymmetry, this procedure of regularizing (3.34) by continuing
the dimension of the operator is just one of many possible regularization schemes and since
the answer is not renormalization scheme invariant, there is no particularly special meaning
to (3.38).
Now let us consider this regularization scheme in the context of N = (2, 2) SCFTs.
We see that (3.38) gives an incorrect answer in some situations! Indeed, we have shown
above that, if we preserve SU(2|1)A, the partition function is independent of the chiral
couplings. However (3.38) does not distinguish the chiral from the twisted chiral couplings.
The resolution is, of course, that the procedure of analytically continuing the dimen-
sion of chiral operators is inconsistent with SU(2|1)A. This is because if one changes
the dimension of a chiral operator in the superpotential, one necessarily breaks U(1)V and
therefore SU(2|1)A. However, this procedure is perfectly SU(2|1)A invariant for the twisted
chiral operators, and since we have already explained that the answer is unique, (3.38) must
give the right result in this case. Indeed, (3.38) is completely consistent with the formula
derived in (3.24), which implies (3.25). The mirror symmetric statement is that this reg-
ularization scheme preserves SU(2|1)B for chiral operators while it breaks it for twisted
chiral operators, and therefore leads to (3.27). We will use this derivation via analytic con-
tinuation in the conformal dimension of the exactly marginal operators again in section 5,
when we discuss four-dimensional N = 2 SCFTs.
4. N = 1 Field Theories on S4
We now wish to study the dependence of the four-sphere partition function of N = 1
superconformal field theories on their exactly-marginal couplings. The exactly-marginal
couplings parameterize a Ka¨hler manifold [25], and they are commonplace in N = 1
superconformal theories [39]. These theories have a U(1)R R-symmetry. The exactly
marginal operators of N = 1 superconformal field theories are descendants of operators in
the chiral ring; they are the top component of a chiral multiplet with R-charge 2 (and Weyl
weight 3). We note that not all such operators are exactly marginal in four-dimensional
N = 1 superconformal field theories. This is unlike in unitary two-dimensional N = (2, 2)
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superconformal field theories with a normalizable vacuum state, where superconformal
descendant operators of the type described in the previous section are necessarily exactly
marginal.8
N = 1 superconformal field theories can be canonically placed on the round four-
sphere. The superconformal transformations are generated by a Dirac conformal Killing
spinor on S4, which obeys
∇mǫ = γmη . (4.1)
Under superconformal transformations the components of a chiral multiplet of Weyl weight
w (and R-charge 23w) transform as [41]
δZ =
1√
2
ǫχL ,
δχL =
1√
2
( /∇ZǫR + FǫL) +
√
2wZηL ,
δF =
1√
2
ǫ /∇χL +
√
2(1− w)ηχL = 1√
2
∇m (ǫγmχL) +
√
2(3− w)ηχL ,
(4.2)
where ǫ ≡ ǫTC, and C is the charge conjugation matrix. We have also defined chiral
spinors with the projectors PL =
1
2(1 + γ∗) and PR =
1
2 (1− γ∗), so that PL,Rǫ = ǫL,R.
We can construct the following N = 1 superconformal invariant using a chiral multi-
plet of Weyl weight w = 3
I =
∫
d4x
√
gF . (4.3)
This represents a general marginal operator in the superconformal field theory. From now
on, we will only discuss the exactly marginal ones. The parameters multiplying these
operators, the coordinates in the conformal manifold, are realized as the lowest component
of background chiral multiplets with vanishing R-charge.
The massive OSp(1|4) subalgebra of the N = 1 superconformal algebra is realized by
the following conformal Killing spinors on S4
∇mǫ = i
2r
γmǫ , (4.4)
8 The origin of this difference is as follows: as explained in [40], a marginal operator can cease
to be exactly marginal if there is a dimension d − 2 real multiplet that can “eat” our marginal
operator and thereby become a longer multiplet. In four-dimensional N = 1 theories this is
possible using conserved current multiplets. Since in two dimensions d−2 = 0, in unitary theories
there is no candidate multiplet to “eat” our marginal operator. Therefore, it has to be exactly
marginal.
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which corresponds to choosing
η =
i
2r
ǫ . (4.5)
The supersymmetry transformation generated by these spinors anti-commute to give the
SO(5) isometry of the four-sphere, hence, projecting out the conformal and R-symmetry
generators in the N = 1 superconformal algebra. This is why one can put massive N = 1
theories on S4 preserving (4.4). The action of this subalgebra on the chiral multiplet (4.2)
is of course induced from the action of the full superconformal group, restricted to the
spinors (4.4).
One can attempt to repeat our analysis in two dimensions and aim to write the invari-
ant (4.3) as an OSp(1|4) supersymmetry variation of a fermion modulo a total derivative
and a zero. However, one quickly encounters a geometrical obstruction. One finds an
additional term, proportional to [ξ, ξ∗]m, where ξ
m = 12 ǫγ
mǫ is a complex Killing vector.
This commutator cannot be put to zero on S4 (loosely speaking, the OSp(1|4) algebra
contains only complexified Killing vectors not commuting with their complex conjugate).
Therefore, the invariant (4.3) is not OSp(1|4)-exact (even if one ignores zeroes of
spinors and total derivatives). In fact, we now prove that the dependence of the sphere
partition function of N = 1 superconformal field theories on moduli is scheme dependent.
This is therefore analogous to the situation in non-supersymmetric theories.
There is a finite, local N = 1 supergravity counterterm that depends on an arbitrary
real function of the chiral and anti-chiral multiplets. This counterterm once evaluated on
the OSp(1|4) invariant four-sphere is non-vanishing and explicitly demonstrates that the
dependence on the moduli of the partition function is ambiguous. Denoting chiral fields
by Φi and using the conventions of [42], the relevant supergravity counterterm is
−2
3
∫
d4x
∫
d2Θ ε(D
2 − 8R)RRF (Φi,Φi) . (4.6)
The supergravity multiplet contains, in addition to the graviton and the gravitino, two
auxiliary fields - a complex scalar M and a real vector bµ. ε is the chiral superspace
measure and is the superfield that contains the square root of the determinant of the
metric in its bottom component. The chiral superfield R has the auxiliary field M as its
lowest component. After setting the gravitino to zero, we get:
ε =
1
2
√
g − 1
2
√
gMΘ2 ,
R = −1
6
M − 1
6
Θ2
(
− 1
2
R+ 2
3
MM +
1
3
bµb
µ − i∇µbµ
)
.
(4.7)
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Manifolds that preserve four supercharges obey the integrability conditions [16]:
3
2
R− bµbµ − 2MM = 0 ,
∇µbµ = 0 .
(4.8)
Using (4.8), only the lowest component of R remains. For a chiral superfield Ω with lowest
component ω, we have
(D2 − 8R)RΩ = −2
9
MMω +Θ2
(2
3
∇µ∂µ(Mω) + 4i
9
bµ∂
µ(Mω)
)
, (4.9)
where we have set the higher components of Ω to zero since they vanish on the supersym-
metric sphere (in addition, we have set the gravitino to zero).
The background fields for S4 are M =M = −3ir and bµ = 0, which solves (4.8). After
a little algebra, we then obtain that (4.6) evaluates to
1
r4
∫
d4x
√
gF (λi, λ
i
) (4.10)
on the supersymmetric sphere. Thus, (4.6) supersymmetrizes the finite counterterm (4.10)
for an arbitrary function of the exactly marginal parameters. This renders the sphere
partition function of four-dimensional N = 1 SCFTs ambiguous.
5. N = 2 Field Theories on S4
We now turn our attention to the study of the four-sphere partition function of N = 2
superconformal field theories. These theories have an SU(2)R × U(1)R R-symmetry. An
exactly marginal operator in such a theory is realized as a superconformal descendant of
the bottom component of a chiral multiplet of U(1)R R-charge 2 (and Weyl weight 2).
We consider now placing N = 2 superconformal field theories on S4. The N = 2
superconformal transformations are parametrized by an SU(2)R R-symmetry doublet of
left chiral conformal Killing spinors ǫi and right chiral conformal Killing spinors ǫi
∇mǫi = γmηi ∇mǫi = γmηi . (5.1)
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The supersymmetry transformations of a four dimensional N = 2 chiral multiplet of Weyl
weight w are given by [43]
δA =
1
2
ǫiΨi ,
δΨi = /∇Aǫi + 1
2
Bij ǫ
j +
1
4
γabF−ab εijǫ
j + 2wAηi
=/∇(Aǫi) + 1
2
Bij ǫ
j +
1
4
γabF−ab εijǫ
j + (2w − 4)Aηi
δBij = ǫ(i /∇Ψj) − ǫkΛ(i εj)k + 2(1− w) η(iΨj) ,
δF−ab =
1
4
εij ǫi /∇γabΨj + 1
4
ǫiγabΛi − 1
2
(1 + w) εijηiγabΨj ,
δΛi = − 1
4
γab /∇F−abǫi −
1
2
/∇Bijεjkǫk + 1
2
Cεij ǫ
j − (1 + w)Bijεjk ηk + 1
2
(1− w) γab F−abηi
= − 1
4
γab /∇(F−abǫi)−
1
2
/∇Bijεjkǫk + 1
2
Cεij ǫ
j − (1 + w)Bijεjk ηk + 1
2
(3− w) γab F−abηi ,
δC =− εijǫi /∇Λj + 2wεijηiΛj = −∇m(εijǫiγmΛj) + (2w − 4)εijηiΛj ,
(5.2)
where as in the previous section λ = λTC. The N = 2 superconformal invariant realizing
an exactly marginal operator is constructed from such a multiplet of Weyl weight 2. Indeed,
it follows from (5.2) that
I =
∫
d4x
√
g C (5.3)
is invariant, where C is the top component of the multiplet (5.2).
The complex parameters that span the conformal manifold and source the N = 2 ex-
actly marginal operators are realized as the bottom components of N = 2 chiral multiplets
of Weyl weight 0. Note that Weyl weight 0 chiral superfields are irreducible [44], thus, in
general, we cannot embed the exactly marginal couplings in N = 2 vector multiplets.
We are interested in unraveling the physical content of the sphere partition function of
N = 2 SCFTs. We consider regulating the ultraviolet divergences in an OSp(2|4) invariant
fashion. This is the N = 2 supersymmetry algebra of a massive theory on the four-sphere
S4. We describe it below in detail. We will prove that the S4 partition function of N = 2
superconformal field theories regulated in an OSp(2|4) invariant fashion computes the
Ka¨hler potential on the conformal manifold
ZS4 = e
K/12 . (5.4)
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The OSp(2|4) supersymmetry transformations are generated by conformal Killing
spinors ǫj and ǫj obeying
∇mǫj = i
2r
γmτ
jk
1 ǫk ∇mǫj =
i
2r
γmτ1jkǫ
k , (5.5)
where τ jka = (iσ3,−1,−iσ1) = (τajk)∗, and σa are the Pauli matrices. These correspond
to conformal Killing spinors (5.1) with
ηj =
i
2r
τ jk1 ǫk ηj =
i
2r
τ1jkǫ
k . (5.6)
We can diagonalize equations (5.5) by defining
χj = ǫj + τ jk1 ǫk χ̂
i = ǫj − τ jk1 ǫk , (5.7)
so that
∇mχj = i
2r
γmχ
j . (5.8)
and χ̂j = γ∗χ
j , where PL/R =
1
2 (1± γ∗).
Computing the commutator of the N = 2 superconformal transformations (5.2) acting
on the fields of a chiral multiplet gives a representation of theN = 2 superconformal algebra
on the fields
[δ1, δ2] = ξ
mPm + λaR
a + λDD + λRR+
1
2
λabLab . (5.9)
With the choice of spinors (5.5), it is easy to prove that the vector field produced by two
superconformal transformations
ξm =
1
2
ǫi2γmǫ1i +
1
2
ǫ2iγmǫ
i
1 (5.10)
is a Killing vector on S4. Moreover, with the choice of spinors (5.5) the parameters asso-
ciated to local dilatations and U(1)R R-symmetry vanish, while the SU(2)R R-symmetry
is broken down to SO(2)R
λD =− 1
2
(
ǫi1η2i + ǫ1iη
i
2 − ǫi2η1i − ǫ2iηi1
)
= 0 ,
λR =
i
2
(
ǫi1η2i − ǫ1iηi2 − ǫi2η1i + ǫ2iηi1
)
= 0 ,
λa =λj
iτai
j = (−ǫi1η2j + ǫ1jηi2 + ǫi2η1j − ǫ2jηi1)τaij =⇒ λ1 =
i
r
εijχ
i
1χ
j
2 , λ2 = λ3 = 0 .
(5.11)
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Thus the Killing spinors generate the OSp(2|4) supersymmetry algebra, whose super-
charges close into an SO(5) isometry and an SO(2)R R-symmetry.
9 This is the symmetry
of a general massive N = 2 theory on S4.
Using the OSp(2|4) supersymmetry transformations of a chiral multiplet (5.2) we
expect that the top component C of the multiplet with Weyl weight 2 can be written as
three consecutive supersymmetry transformations of a linear combination of fermions in
the multiplet modulo a zero and a total derivative. One could then repeat the argument of
section 3 and arrive at (5.4). Instead, here we follow a closely related strategy, extending to
four dimensions the localization proof of (5.4) presented in [15]. In addition, we derive (5.4)
by an explicit supersymmetric regularization. The two derivations agree.
5.1. The Ka¨hler Potential from the Four-Sphere
First, we employ the localization computation [26] of the S4 partition function of
Lagrangian four dimensional N = 2 superconformal field theories. These theories are based
on vector multiplets with gauge group G =
∏
iGi and hypermultiplets transforming in a
representation R of G. The partition function can be computed by localizing the functional
integral with respect to a supercharge in OSp(2|4). For our analysis, the details of the
hypermultiplets, which vanish on the localization saddle points [26], are not important.
Therefore, we can focus on the N = 2 vector multiplets.
The N = 2 supersymmetric vector multiplet action is constructed from the top com-
ponent of an N = 2 chiral and anti-chiral multiplet of Weyl weight 2
Ai =
i
2
F (Φi) =
i
8π
TrΦ2i Ai = −
i
2
F (Φi) = − i
8π
TrΦ
2
i , (5.12)
where Φi is an N = 2 vector multiplet of Weyl weight 1 associated to the gauge group
factor Gi.
10 The four-sphere N = 2 supersymmetric vector multiplet action is
S =
∫
d4x
√
g
∑
i
(
τiCi + τ i Ci
)
, (5.13)
9 On the fields, a local Lorentz transformation with parameter λab = −∇[aξb] is also induced.
10 The argument below can be carried without referring to a specific microscopic realization.
This requires solving for the supersymmetric configurations of the N = 2 chiral multiplet of Weyl
weight 2. To simplify the analysis we refer to the elementary fields Φi.
26
where Ci and Ci are the top components of the composite chiral and anti-chiral multiplets.
The exactly marginal parameters are the complexified gauge couplings
τi =
θi
2π
+
4πi
g2i
. (5.14)
Calculating the second derivative with respect to the marginal couplings we get
∂i∂j logZS4 =
1
π4
〈∫
S4
d4x
√
g Ci(x)
∫
S4
d4y
√
g Cj(y)
〉
= (32r2)2
〈
Ai(N)Aj(S)
〉
.
(5.15)
In the final step, we have used supersymmetric localization.
To relate this to the Zamolodchikov metric we can use the supersymmetry transfor-
mations (5.2) to relate the two-point function of the bottom components (5.15) to the two-
point function of the top components. This yields
〈
Ai(N)Aj(S)
〉
= r
4
48
〈
Ci(N)Cj(S)
〉
.
Finally, we need to relate the two-point function
〈
Ci(N)Cj(S)
〉
to the Zamolodchikov
metric. The result is
〈
Ci(N)Cj(S)
〉
= 1(2r)8 gij . Combining all the factors we find
∂i∂j logZS4 =
1
12
gij =
1
12
∂i∂jK . (5.16)
This shows (2.5)
ZS4 = e
K/12 . (5.17)
We can now compare this result to another derivation. In section 3, equation (3.37),
we have evaluated the integrated two-point function using regularization by analytic con-
tinuation in the scaling dimension. As we have explained in section 3, this regularization
does not always work. One needs to make sure that it preserves the massive supersym-
metry algebra. In the context of N = 2 on S4, this is indeed the case, because one can
vary the scaling dimension of a chiral operator without breaking the SO(2)R ⊂ SU(2)R
symmetry. Plugging d = 4 in (3.37) and taking the limit ǫ → 0, we find precisely (5.16)
(after correctly normalizing the operators, as in (1.1)). This therefore provides a derivation
of (5.16) that does not depend on localization.
Let us discuss a simple example, that of N = 4 super-Yang-Mills on the four-sphere.
The conformal manifold has one complex parameter that preserves N = 4 supersymmetry,
i.e. the gauge coupling. The S4 partition function depends on the masses of the fields in
the adjoint hypermultiplet, and those need to be tuned such that the four-sphere partition
function is that of the conformally coupled theory. For the correct, conformal choice of the
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mass parameter [45], the instanton contributions to the four-sphere partition function van-
ish, and one finds via our prescription (5.17) K ∼ log(i(τ − τ)). If we perform an SL(2, Z)
S-duality transformation, the Ka¨hler potential shifts by log(τ) + log(τ) + const. This is a
manifestation of a fact that we have explained in detail in section 3; the partition function
is a section rather than a function. This Ka¨hler transformation should be understood as
a local supergravity counterterm, similar to the ones we have found in section 3. We leave
this as well as the study of the Ka¨hler geometry in more general N = 2 examples for the
future.
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